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Abstract. For an integral domain D and a star operation * on D, we study 
the following condition: whenever I D AB with /, A, B nonzero ideals, there 
exist nonzero ideals H and J such that /* = (HJ)*, H* D A and J* D B. 



1. Introduction. 

In [15) . Cohn introduced the notion of Schreier domain. A domain D is said to 
be a Schreier domain if (1) D is integrally closed and (2) whenever /, Ji, J2 are 
principal ideals of D and / D J1J2, then / = /1/2 for some principal ideals /i,/2 
of D with /i D Jj for i = 1, 2. The study of Schreier domains was continued in [31] 
and [33]. In [33], a domain was called a pre-Schreier domain if it satisfies condition 
(2) above. Subsequently, extensions of the "(pre)-Schreier domain" concept were 
studied in [H], [7], [IT], [I] and [5]. 

In [1] , we studied a class of domains that satisfies a Schreier-like condition for all 
ideals. More precisely, a domain D was called a sharp domain if whenever / D AB 
with /, A, B nonzero ideals of D, there exist ideals A' A and B' B such 
that / = A'B' . We recall several results from [2]. If the domain D is Noetherian 
or KruU, then D is sharp if and only if D is a Dedekind domain [21 Corollaries 
2 and 12]. A sharp domain is pseudo-Dedekind; in particular, a sharp domain is 
a completely integrally closed GGCD domain [2j Proposition 4]. Recall (cf. [32] 
and [8]) that a domain D is called a pseudo-Dedekind domain (the name used in 
[32j was generalized Dedekind domain) if the w-closure of each nonzero ideal of D is 
invertible. Also, recall from [4] that a domain D is called a generalized GCD domain 
(GGCD domain) if the u-closure of each nonzero finitely generated ideal of D is 
invertible. The definition of the w-closure is recalled below. A valuation domain 
is sharp if and only if the value group of D is a complete subgroup of the reals 
[2] Proposition 6] . The localizations of a sharp domain at the maximal ideals are 
valuation domains with value group a complete subgroup of the reals; in particular, 
a sharp domain is a Priifer domain of dimension at most one [H Theorem 11]. The 
converse is true for the domains of finite character [5] Theorem 15], but not true in 
general Example 13] (recall that a domain of finite character is a domain whose 
nonzero elements are contained in only finitely many maximal ideals) . A countable 
sharp domain is a Dedekind domain [21 Corollary 17]. 

The purpose of this paper is to study the "sharp domain" concept in the star 
operation setting. To facilitate the reading of the paper, we first review some basic 
facts about ^-operations. Let D be a domain with quotient field K and let F{D) 
denote the set of nonzero fractional ideals of D. A function A^ A* : F{D) — > F{D) 
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is called a star operation on Z) if * satisfies the following three conditions for all 
7^ a e X and all /, J e F{D): 

(1) D* ^ D and (a/)* = a/*, 

(2) I cr and if / C J, then /* C J*, 

(3) (/*)* = /*. 

An ideal / £ F{D) is called a *-ideal if / = /*. For all /, J G -^(-D), we have 
(/J)* = (I* J)* — {I* J*)*. These equations define the so-called * -multiplication. 
If {/„} is a subset of F{D) such that (lla ^ 0, then n/* is a *-ideal. Also, if 
is a subset of F{D) such that ^ is a fractional ideal, then {J2-^a)* — (XI -^a)*- 
The star operation * is said to be stable if (/ n J)* = J* n J* for aU /, J e If 

* is a star operation, the function * / : F{D) — !> F{D) given by I*f = UhH* , where 
H ranges over all nonzero finitely generated subideals of /, is also a star operation. 
The star operation * is said to be of finite character if * = */. Clearly (*/)/ — *f. 
Denote by Max^,{D) the set of maximal *-ideals, that is, ideals maximal among 
proper integral *-ideals of D. Every maximal *-ideal is a prime ideal. The *- 
dimension of D is sup{n | C Pi C ■ • • C Pn, Pi prime *-ideal of 13} . Assume that 

* is a star operation of finite character. Then every proper *-ideal is contained in 
some maximal *-ideal, and the map / (— ^ /* = rip^Max^{D)IDp for all / e F{D) 
is a stable star operation of finite character, cf. ^ Theorems 2.4, 2.5 and 2.9]. 
Moreover, * is stable if and only if * = S, cf. [31 Corollary 4.2]. A *-idcal / is of 
finite type if / = (oi, ...,a„)* for some ai, ...,a„ G /. A Mori domain is a domain 
whose i- ideals are of finite type (see [13]). By [27], an integral domain is said to be 
a TV domain if every t-ideal is a w-ideal. A Mori domain is a TV domain. 

A fractional ideal / e F{D) is said to be *-invertible if (//~^)* — D, where 
I^^ ^ {D : I) = {x E K \ xl C D}. If * is of finite character, then / is *- 
invertible if and only if 11^^ is not contained in any maximal ^-ideal of D; in 
this case /* = (ai,...,a„)* for some ai,...,a„ G /. Let *i,*2 be star operations 
on D. We write *i < *2, if I*^ C I*^ for ah / G F{D). In this case we get 
^/*i-)*2 — /*2 — (7*2 )*i aj^fj every >i=i-invertible ideal is *2-invertible. Some well- 
known star operations are: the d-operation (given by / i— )> /), the v-operation (given 
by / I— > = and the t-operation (defined hy t = Vf). The w-operation 

is the star operation given hy I ^ 1^ = {x E K \ xH C / for some finitely gen- 
erated ideal H oi D with H^^ — _D}. The w-operation is a stable star operation 
of finite character. For an integrally closed domain D, the b-operation on D is the 
star operation defined hy I ^ lb — r\vIV where V runs in the set of all valuation 
overrings of D (see Page 398]). For every / G F{D), we have I Iw ^ It Iv 
It is known that MaXw{D) = AIaxt{D), cf. [5] Corollaries 2.13 and 2.17] and 
Iw — ^MeMaxt(D)IDM, cf. [HI CoroUary 2.10]. Consequently, a nonzero fractional 
ideal is lu-invertible if and only if it is i-invertible. Recall 1211 that an integral do- 
main D is said to be *-Dedekind if every nonzero fractional ideal of D is ^-invertible. 
A domain D is called a Prufer * -multiplication domain (P*MD) if every nonzero 
finitely generated ideal of D is */-invertible (see [22]). For the general theory of 
star operations we refer the reader to [24, Sections 32 and 34]. 

We introduce the key concept of this paper. 

Definition 1.1. Let * be a star operation on D. We say that a domain D is a 
* -sharp domain if whenever /, A, B are nonzero ideals of D with / I? AB, there 
exist nonzero ideals H and J such that /* = (HJ)*, H* 3 A and J* 3 B. 
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The rf-sharp domains are just the sharp domains studied in [2 . If *i < *2 are star 
operations and D is *i-sharp, then D is *2-sharp (Proposition l2.2p . In particular, if 
* is a star operation, then every sharp domain is *-sharp and every *-sharp domain 
is t;-sharp. A t-sharp domain is u-sharp but the converse is not true in general 
(Remark [Ml)- 

In Section 2, we study the *-sharp domains in general. In this new context, we 
generalize most of the results obtained in j2j. For * G {d,b^w,t}, every fraction 
ring of a *-sharp domain is H<-sharp (Proposition 12.21) . Every *-Dedekind domain 
is *-sharp. In particular, every Krull domain is t-sharp (Proposition 12.41) . Let D 
be a domain and * a finite character stable star operation such that D is H<-sharp. 
Then D is a P*MD of ^-dimension < 1; moreover Dm is a valuation domain with 
value group a complete subgroup of the reals, for each M G MaXf{D) (Proposition 
I2.3p . The converse is true for domains whose nonzero elements are contained in 
only finitely many ^-maximal ideals fProposition 12.13")) . If * is a star operation on 
D such that _D is a ^-sharp domain, then /„ is *-invertible for each nonzero ideal / 
(Proposition l2.5p . If * is a finite character stable star operation on D such that D is 
a *-sharp TV domain, then D is ^-Dedekind fCorollarv l2.6|) . A domain D is w-sharp 
if and only if D is completely integrally closed fCorollarv l2.7|) . In particular, every 
*-sharp domain is completely integrally closed. If * is a stable star operation on D 
such that D is a *-sharp domain, then every finitely generated nonzero ideal of D is 
*-invertible (Proposition 12 . Ill) . If D is a countable domain and * a finite character 
stable star operation on D such that D is *-sharp, then Z? is a *-Dedekind domain 
(Corollary EIIS]). 

In Section 3, we study the t-sharp domains. We obtain the following results. 
Every t-sharp domain _D is a PVMD with t-dimension < 1 and Dm is a valuation 
domain with value group a complete subgroup of the reals, for each maximal t- 
ideal M of D (Proposition 13. 1|) . A domain is t-sharp if and only if it is w-sharp 
(Proposition 13. 2|) . A domain £> is a Krull domain if and only if D is a t-sharp 
TV domain (Corollarv l3.3p . If is a countable t-sharp domain, then is a Krull 
domain (Corollary 13. 4p . A domain D is t-sharp if and only if D[X] is t-sharp 
fProposition l3.7p if and only \i D[X]m^ is sharp (Proposition [3]9]). Here denotes 
the multiplicative subset of D[X] consisting of all / e D[X] — {0} with c(/)„ — D, 
where c(/) is the ideal generated by the coefficients of /. Let _D be a t-sharp domain. 
Then iV^ = {/ 6 D[[X]] - {0} | c{f)y = D} is a muhiplicative set, D[[X]]ni is a 
sharp domain and every ideal of Z)[[Ar]]jv/ is extended from D (Proposition 13 . Ill) . 
Moreover, _D[[A"]]7v^ is a faithfully fiat D[X]N^-modu\e and there is a one-to-one 
correspondence between the ideals oi D[X]n^ and the ideals of I?[[A']]Ar/ (Corollary 
I332J. 

Throughout this paper all rings are (commutative unitary) integral domains. 
Any unexplained material is standard, as in [24], [26]. 

2. *-SHARP DOMAINS. 

In this section we study the *-sharp domains for an arbitrary star operation * 
(see Definition II. ip . We obtain ^-operation analogues for most of the results in [2] . 

Proposition 2.1. Let D be a domain, S ^ D a multiplicative set and * (resp. (tj 
star operations on D (resp. Ds ) such that I* C [IDs)'^ for each nonzero ideal I of 
D. If D is *-sharp, then the fraction ring Ds is 'j-sharp. 
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Proof. Note that the condition /* C (IDs)^ in the hypothesis is equivalent to 
(rDs)'^ = {IDsf. Let I,A,B be nonzero ideals of D such that IDs 2 ABDs- 
Then C = IDs HDD AB. As D is *-sharp, we have C* = (HJ)* with H,J 
ideals of D such that H* D A and J* D B. Since {WDsf = {W*Dsf for 
every nonzero ideal W, we get (/L's)" = (C*i:i5)» = {{HJ)*Dsf = {HJDs)K 
{HDsY = iH*Ds)^ 3 and (JDs)' 3 BDs. □ 

Proposition 2.2. Let D be a domain, *i < *2 star operations and D and S C D 
a multiplicative set. 

(a) If D is *i-sharp, then D is *2-sharp. 

(b) If * G {d,t,w,b} and D is *-sharp (with D integrally closed if * = b), then 
Ds is *-sharp. 

Proof, (a). Apply Proposition 12.11 for S — {!}, * = *i and ft — *2- (&)• By 
Proposition [2]T1 it suffices to show that /* C {IDs)* for each nonzero ideal I oi D. 
This is clear for * = d and true for * = t, cf. [351 Lemma 3.4]. Assume that x ^ 1^. 
Then xH C / for some finitely generated nonzero ideal H oi D such that 77^, = D. 
Hence {HDs)v = Ds (cf. [Ml Lemma 3.4]) and xHDs C IDs, thus x G {IDs)w 
Assume that D integrally closed. If ^ is a valuation overring of -D5, then V is an 
overring of D, so h C IV. Thus h Q iIDs)b- □ 

In |2] Theorem 11], it was shown that a sharp domain is a Prufer domain of 
dimension at most 1. We extend this result. 

Proposition 2.3. Let D be a domain and * a finite character stable star operation 
on D such that D is *-sharp. Then Dm is a valuation domain with value group 
a complete subgroup of the reals, for each M G Max^{D). In particular, D is a 
P*MD of ^-dimension < 1. 

Proof. Let M be a maximal *-ideal. If / is a nonzero ideal of D, then I* Dm ~ I Dm, 
cf. [3 Corollary 4.2]. By Proposition EIH applied for S* = £> - M, * = * and (1 = d, 
we get that Dm is a sharp domain. Apply [2J Theorem 11]. The "in particular" 
assertion is clear. □ 

Proposition 2.4. Let D be a domain and * a star operation on D. If D is *- 

Dedekind, then D is *-sharp. In particular, every Krull domain is t-sharp. 

Proof. Let /, A, B be nonzero ideals of D such that / D AB. Set H = I + A and 
J = IH^^. Note that J C D and A C H. Since {HR-^)* = D, we get /* = (HJ)*. 
From BH = B{A + /) C /, we get B C {BHR-^)* C {IR-'^)* = J*. For the "in 
particular statement", recall that the t-Dedekind domains are the Krull domains, 
cf. [H Theorem 3.6]. □ 

Proposition 2.5. Let D be a domain and * a star operation on D such that D is 
*-sharp. Then J„ is *-invertible for each nonzero ideal I . 

Proof. Let / be a nonzero ideal of D and x £ I — {0}. Then I{xl^^) C xD. 
Since D is ^-sharp, there exist R, J ideals of D such that R* ^ I, J* ^ xl~^ and 
xD = (HJ)*. Hence R is *-invertible and we get R'^ = {x^^J)* D {xx^^I^^)* = 
I^^, so Hv C /„. The opposite inclusion follows from R* D I. Thus 1^ — Rv is 
*-invertible, because R* = Hy since R is ^-invertible. □ 



Next, we extend [2 Corollary 12] to the star operation setting. 
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Corollary 2.6. Let D be a domain and * a finite character stable star operation 
on D such that D is ^-sharp. If D is a TV domain (e.g. a Mori domain), then D 
is *-Dedekind. 

Proof By Proposition O D is a P*MD , so * = i, cf. f5^, Proposition 3.15]. As 
£) is a TV domain, we get * = t = v. By Proposition l2.5[ D is *-Dedekind. □ 

Corollary 2.7. A domain D is v-sharp if and only if D is completely integrally 
closed. In particular, any -.sharp domain is completely integrally closed. 

Proof. By Propositions 12.41 and 12.51 (for * — v), D is w-sharp if and only if D is 
w-Dedekind. By [531 Theorem 34.3] or [57, Proposition 3.4], a domain is u-Dedekind 
if and only if it is completely integrally closed. For the "in particular" assertion, 
apply Proposition 12.21 taking into account that * < w for each star operation *. □ 

Remark 2.8. (a) There exist a completely integrally closed domain A having some 
fraction ring which is not completely integrally closed (for instance the ring of entire 
functions, cf. [24, Exercises 16 and 21, page 147]). Thus the u-sharp property does 
not localize, cf. Corollary 12.71 Note that A cannot be i-sharp because the i-sharp 
property localizes, cf. Proposition 12.21 (5) Let Z3 be a completely integrally closed 
domain which is not a PVMD (such a domain is constructed in [16 ). By Corollary 
12.71 and Proposition [2111 such a domain is u-sharp but not t-sharp. (c) Let -D be a 
Krul domain of dimension > 2 (e.g. Z[X]). By Proposition 12.41 and % Theorem 
11], D is i-sharp but not sharp. 

In the next lemma we recall two well-known facts. 

Lemma 2.9. Let D be a domain, * a star operation on D and I,J,II^ F[D). 
(a) // (/ + jy = D, then (/ n J)* = (/J)* . 
(5) If I is ^-mvertible, then (/( J n i?))* = (IJnlH)*. 

Proof (a) Clearly, (/J)* C (/ n J)*. Conversely, since (/ + J)* = D, we have 
(/ n J)* = ((/ n J)(/ + J))* C (/J)*, thus (/ n J)* = (U)*. (6) Clearly (/(J n 
H))* C (/J n IH)*. Conversely, because / is *-invertible, we have {IJ Ci IH)* = 

{ii-\iJ n IH))* c {i{i-^ij n i~^iH))* c (/(J n H))*. □ 

The next result generalizes |2, Proposition 10]. 

Proposition 2.10. Let D be a domain and * a stable star operation on D such 
that D is *-sharp. If I, J are nonzero ideals of D such that (/ + J)v = D, then 
{h + Jv)* = D. 

Proof. Let K be the quotient field of D. Changing / by Iv and J by we may 
assume that /, J are *-invertible i;-ideals, cf. Proposition l2.5l Since (/+ J)^ C I'^ + J 
and D is *-sharp, there exist two nonzero ideals A, B such that (/^ + J)* = (AB)* 
find 1+ J C A*nB*. We claim thai {1"^ + J)* ■.I={I+J)*. To prove the claim, we 
perform the following step-by-step computation. First, (P + J)* : I = {{P + J)* :^ 
/) n D = ((/2 + ,/)/-!)* no = {I + JI-^)* n D because / is *-invertible. As * is 
stable, we get {I+JI-^)*nD = {{I + JI-^)nD)* = (/+ ( J/-i nD))* by modular 
distributivity Since / is *-invertible, we get {I+{JI''^nD))* = {I+I-^{Jnl))* , cf. 
Lemma [2T9l Using the fact that / is *-invertible (hence ■y-invertible) and Lemma [2?9l 
we derive that (H-/-i( Jn/))* C (J-h/-i(/J)„)* C (/-F (//-i,/)„)* = (I + Jy)* = 
(/ -I- J)*. Putting all these facts together, we get {P + J)* : I C {I + J)* and the 
other inclusion is clear. So the claim is proved. From {P + J)* — {AB)* , we get 
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A* C (/2 + jy : B* C (/2 + J)* : / = (/ + J)*, so A* ^ {I + J)*. Similarly, we get 
B* = {I + Jf, hence {P + J)* = {{I + Jf)* . It follows that J* C {P + J)* = ((/ + 
J)2)* C (J2 + /)*. So J* = J*n(j2 + /)* = (Jn(j2 + /))* = (j2 + (Jn/))* where 
we have used the fact that * is stable and the modular distributivity. By Lemma 
[231 wehave/n J C (/J)„, so we get J* = (j2 + (Jn/))* C (j2 + (/J)„)*. Since J 
is *-invertible, we have D = [JJ-^]* C + {IJ)^)J-^)* C (J + /„)* = (,/ + /)*. 
Thus (/ + J)* = D. □ 

Note that from Proposition 12 . 101 we can recover easily [U Proposition 10]. Next, 
we give another extension of Theorem 11] (besides Proposition 12. 3p . 

Proposition 2.11. Let D be a domain and * a stable star operation on D such 
that D is *-sharp. Then every finitely generated nonzero ideal of D is ^-invertible. 

Proof. Let x,y E D — {0}. By Proposition 12.51 the ideal / = {xD + yD)y is *- 
invertible (hence w-invertible) , so {xl~^ + yl~^)v = D. By Proposition 12.101 we 
get (x/-! + y/"^)* = D, hence / = ((a;/-^ + y/"^)/)* = [xD + yD)* because / 
is *-invertible. Thus every two-generated nonzero ideal of D is *-invertible. Now 
the proof of [24} Proposition 22.2] can be easily adapted to show that every finitely 
generated nonzero ideal of D is *-invertible. □ 

Remark 2.12. Under the assumptions of Proposition [2TTl] it does not follow that 
D is a P*MD. Indeed, let D he a. completely integrally closed domain which is not 
a PVMD (such a domain is constructed in [16]). The w-operation on D is stable 
(cf. [5, Theorem 2.8]) and D is u-sharp (cf. Corollarv l2.7p . 

Let be a domain with quotient field K. According to [11], a family F of 
nonzero prime ideals of D is called independent of finite character family (IPC 
family), if (1) D ~ CipizjrDp, (2) every nonzero x G D belongs to only finitely 
many members of J-' and (3) every nonzero prime ideal of D is contained in at most 
one member of J^. The foUwing result extends [2, Theorem 15]. 

Proposition 2.13. Let D be a domain and * a finite character star operation on 
D. Assume that 

(a) every x € D — {0} is contained in only finitely many maximal * -ideals, and 
(6) for every M € Max^,{D), Dm is a valuation domain with value group a 

complete subgroup of the reals. 

Then D is a i -sharp domain and hence *-sharp. 

Proof. By |25j, D — DmDm where AI runs in the set of maximal *-ideals. Since 
each Dm is a valuation domain with value group a complete subgroup of the reals, 
every M has height one. It follows that Max^,{D) is an IFC family. Consider the 
? operation, i.e. L ^ I* ~ HmIDm- We show that D is S-sharp. Let L,A,B 
be nonzero ideals of D such that / 3 AB. Let Pi,...,P„ the maximal *-ideals 
of D containing AB. Since Dp. is sharp, there exist Hi, Ji ideals of Dp. such 
that LDp. ~ HiJi, Hi I) AD p. and Ji D BDp. for all i between 1 and n. Set 
H^ = H,nD, Ji ^ JiCiD, i ='l, ...,n, H ^ H[ - ■ ■ H'^ anA J = J[ - ■ ■ J',,. By [IH 
Lemma 2.3], Pi is the only element of ALax^,{D) containing H'^ (resp. J^'), thus it 
can be checked that LDp = {HJ)Dp, HDp D ADp and JDp Z) BDp for each 
P e Max^{D). So, we have /* = (HJ)*, H* D A and J* D B. Consequently, D is 
S-sharp. By Proposition l2.21 D is *-sharp because ? < *, cf. 6, Theorem 2.4]. □ 
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Proposition 2.14. Let D be a contable domain and * a finite character star oper- 
ation on D such that D is a P*MD and ly is ^-invertible for each nonzero ideal I 
of D. Then every nonzero element of D is contained in only finitely many maximal 
* -ideals. 

Proof. Deny. By |19i Corollary 5], there exists a nonzero element z and an infinite 
family (/«)„>! of *-invertible proper ideals containing z which arc mutually *- 
comaximal (that is, {Im + In)* = D for every m =^ n). For each nonempty set 
A of natural numbers, consider the v-ideal I\ — CineAln (note that z g /a). By 
hypothesis, I\ is *-invertible. We claim that I\ ^ I\r whenever A, A' are distinct 
nonempty sets of natural numbers. Deny. Then there exists a nonempty set of 
natural numbers F and some k ^ T such that Ik 3 /p. Consider the ideal H = 
{Ik^Ir)* 2 Ir- If n e F, then /„ D h = (hH)*, so /„ D H, because (In+h)* = D. 
It follows that Ir ^ H , so Ir = H = (/^T^/r)*- Since Ir is *-invertible, we get 
Ik = D, Si contradiction. Thus the claim is proved. But then it follows that 
{-^A I 7^ A C N} is an uncountable set of *-invertible ideals. This leads to a 
contradiction, because D being countable, it has countably many *-ideals of finite 
type. □ 

Corollary 2.15. Let D be a countable domain and * a finite character stable star 
operation on D such that D is *-sharp. Then D is a *-Dedekind domain. 

Proof. We may assume that D is not a field. By Proposition 12. 3[ Z) is a P*MD. 
Now Propositions 12.51 and 12.141 show that every nonzero element of D is contained 
in only finitely many maximal *-ideals. Let AI be a maximal *-ideal of D. By 
Proposition 12.31 13 a/ is a countable valuation domain with value group Z or M, so 
Dm is a DVR. Thus D is n *-Dedekind domain, cf. [HI Theorem 4.11]. □ 

3. t-SHARP DOMAINS. 

The f-operation is a very useful tool in multiplicative ideal theory. In this section 
we give some results which are specific for the i-sharp domains. 

Proposition 3.1. Let D be a t-sharp domain. Then D is a PVMD of t- dimension 
< 1 and Dm is a valuation domain with value group a complete subgroup of the 
reals for each maximal t-ideal M of D. 

Proof. Let / be finitely generated nonzero ideal of D. Then ly = It, so Proposition 
12.51 shows that It is t-invertible. Thus D is a PVMD. Let M be a maximal t-idcal 
of D. By part (6) of Proposition 12.21 Dm is a i-sharp valuation domain, so Dm is 
sharp since for valuation domains t ^ d. Now apply Proposition 6] . □ 

Proposition 3.2. Let D be a domain. Then D is t-sharp if and only if D is 
w-sharp. 

Proof. If D is ui-sharp, then D is t-sharp (cf. Proposition 12. 2p because w < t. 
Conversely, assume that D is i-sharp. By Proposition 13. 11 D is a, PVMD. But in a 
PVMD the w-operation coincides with the t-operation (cf. 28, Theorem 3.5]), so 
D is also w-sharp. □ 

Combining Corollarv l2.6l and Proposition [321 we get 

Corollary 3.3. A domain D is a Krull domain if and only if D is a t-sharp TV 
domain. 
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Corollary 3.4. If D is a countable t-sharp domain, then D is a Krull domain. 

Proof. Assume that Z? is a countable t-sharp domain. By Proposition D is w- 
sharp. Moreover the w-operation is stable and of finite character, cf. [Fl Corollary 
2.11]. By Corollary 12. 15[ D \s a. i-Dedekind domain, that is a Krull domain. □ 

By [34], a domain D is called a pre-Krull domain if /„ is i-invertible for each 
nonzero ideal I oi D (see also [30| where a pre-Krull domain is called a (i, v)- 
Dedekind domain). 

Proposition 3.5. A domain D is t-sharp if and only if 

(a) D is pre-Krull, and 

(b) for all nonzero ideals I ,A,B of D such that ly = D and I D AB , there exist 
nonzero ideals H and J such that It — {IIJ)t, Ht ^ A and Jt ^ B. 

Proof. The implication follows from Proposition [5?5] Conversely, assume that 
(a) and b hold. Let /, A and B be nonzero ideals of D such that / 3 AB. Then 
/„ D Ay By and /„, Ay, By are t-invertible ideals, cf. (a). Since D is a pre-Krull 
domain, D is a PVMD and hence a t-Schreier domain cf. [20l Corollary 6]. So there 
exist t-invertible ideals H and J such that ly = {IIJ)t, Ht 3 Ay and Jt^ By. We 
have {ir% = {IH-^J-'^)t D {AH-^){BJ-^). Set M = {ir% and note that 
AH^^ and BJ^^ arc integral ideals. Since ly is t-invertible, My = ilyl^^)y = D. 
By (b), there exist nonzero ideals N and P such that Mt = {NP)t, Nt 2 AH^^ 
and Pt 2 BJ'\ Summing up, we get It = [IyM)t = {HJNP)t = {{HN){JP))t, 
{HN)t D {AHH-^)t = At and {JP)t D {BJJ-% = Bt. □ 

Lemma 3.6. If D is an integrally closed domain and I a nonzero ideal of D[X] 
such that ly = D[X], then iClD ^0. 

Proof Assume that I n D = 0. By [lOl Theorem 2.1], there exist / e D[X] - {0} 
and a e D-{0} such that J (a//)J C D[X] and JHD ^ 0. We get (a//)D[X] = 
(a//)/.„ C D\X\, hence a// G D\X\ and thus a// G D, because a^D - {{)}. We 
get J Q I which is a contradiction because J D D ^ and I O D = 0. □ 

Proposition 3.7. A domain D is t-sharp if and only if D[X] t-sharp. 

Proof Set Q = D[X]. Let I,A,B be nonzero ideals of SI such that / 3 AB. 

By Proposition 13.51 D is pre-Krull, so D[X] is pre-Krull, cf. 30, Theorem 3.3]. 
Applying Proposition 13 . 51 for SI, we can assume that ly = fl. Changing ^ by / -|- A 
and i? by / -f B, we may assume that A,B^I. By Lemma [3?6l we get I D 0, 
so An D ^ and B n D 0. By [101 Theorem 3.2], we have h = I^n, At = ^Jf^ 
and Bt = B'^i^ for some nonzero ideals I', A' and B' of D. From / D AB, we 
get It^ = It ^ AtBt = {A'tB'^)n, hence Jj' D A'B'. As D is t-sharp, there exist 
nonzero ideals H and J oi D such that It — {IIJ)t, Ht ^ A' and Jt D B'. Hence 
It = {Hjn)t, {Hn)t 2 A and {jn)t D B. (-4=). Let I,A,B be nonzero ideals of D 
such that / D AB. As D[X] t-sharp, there exist nonzero ideals H and J of S7 such 
that {in)t = {IIJ)t, Ht^ A and Jt 2 B. Since Ht 2 A and A 7^ 0, we derive that 
Ht n D ^ 0, hence Ht — (AfSl)t for some nonzero ideal M of D, cf. [10, Theorem 
3.2]. Similarly, Jt — (iVS^)t for some nonzero ideal TV of D. Combining the relations 
above, we get It = {MN)t, Mt A and Nt2 B. □ 

Remark 3.8. Notice that we do not have a "d-analogue" of Proposition [3771 because 
a sharp domain has dimension < 1 (see [H Theorem 11]). But remark that we do 
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have a "w-analogue" of Proposition l3.7l Indeed, a domain D is u-sharp if and only if 
D is completely integrally closed (cf. Corollary 12. 7p and D is completely integrally 
closed if and only if so is -D[X]. Similarly, D is w-sharp if and only if the power 
series ring -D[[X]] is u-sharp. 

Denote by A'^„ the multiplicative set of _D[X] consisting of all nonzero polynomials 
ao + oiX + - ■ ■ + a„X" such that (ao, ai, a„)t, — D. The ring £'[X]Ar^ was studied 
in [28] . 

Proposition 3.9. A domain D is t-sharp if and only if D[X]n^ is sharp. 

Proof. If D is t-sharp, then 13 is a PVMD, cf. Proposition 13. II If D[X]n^ is sharp, 
then D[X]n, is a Prufer domain (cf. [2 Theorem 11]) hence D is a PVMD, cf. 
PSI Theorem 3.7]. So we may assume from the beginning that D is a, PVMD. Note 
that the t-sharp property of D is in fact a property of the ordered monoid of all 
integral t-ideals of D under the t-multiplication. Similarly, the sharp property of 
D[X]n^ is a property of the ordered monoid of all integral ideals of D under the 
usual multiplication. Since D is a PVMD, these two monoids are isomorphic (cf. 
[28l Theorem 3.14]), so the proof is complete. □ 

We end our paper with a (partial) power series analogue of Proposition 13.91 A 
lemma is in order. 

Lemma 3.10. Let D C_ E be a domain extension and every ideal of E is extended 
from D. If D is sharp then E is also sharp. 

Proof Let I,A,B be nonzero ideals of D such that IE D ABE. Then C = 
IE n D 3 AB. As D is sharp, we have C ~ HJ with H, J ideals of D such that 
H D A and J D B. We get IE ^CE = HJE, HE D AE and J D BE. □ 

Let 13 be a t-sharp domain which is not a field. By Proposition 13. 1[ D is PVMD 
with t-dimension one. Hence [HI Proposition 3.3] shows that c{fg)t = {c{f)c{g))t 
(thus c{fg)v = {c{f)c{g))y) for every f,g & D[[X]] — {0}, where c(/) is the ideal 
generated by the coefficients of /. Then = {f e D[[X]] - {0} | c(/)„ = D} is 
a multiplicative subset of the power series ring Z3[[Ar]]. The fraction ring D[[X]]jv' 
was studied in l9l and jSO]. Note that D C D[X]n C D[[X]]n' , where iV„ = {/ e 
D[X] - {0} I c(/j„ ^D}. 

Proposition 3.11. If D is a t-sharp domain, then D[[X]]ni^ is sharp and every 
ideal of D[[X]]ni^ is extended from D . 

Proof. We may assume that D is not a field. By Proposition [XHl £> is a pre-Krull 
domain (alias (t, w)-Dedekind domain). As seen in the paragraph preceding this 
proposition, c{fg)y = {c{f)c{g))y for every f,g £ D[[X]] - {0}. By [30, Theorem 
4.3] it follows that every ideal of £'[[X]]jv/ is extended from D, then, a fortiori, 
from D[X]n^. By Proposition 13.91 it follows that D[X]pf^ is a sharp domain, hence 
so is £'[[X]]Ar/, cf. Lemma [3. 101 □ 

Corollary 3.12. Let D be a t-sharp domain. Then D[[X]]n^ is a faithfully fiat 
D[X]N^-module and the extension map I i— >■ /I3[[A']]Ar/ is a bijection from the set 
of ideals of D[X]n^ to the set of ideals of D[[X]]n^. 

Proof Set E = D[X]n, and F = D[[X]]n^^. By the proof of Proposition EH it 
follows that E is a Prufer domain. Hence is a flat i?-module because over a 
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Prufer domain every torsion-free module is flat. We show that every proper ideal 
of E extends to a proper ideal of F. Let J be a proper nonzero ideal of E. By 
[251 Theorem 3.14], J = IE for some ideal I of D such that It ^ D. Assume 
that JF = F. Then IF = JF = F, so contains some power series / 

with c(/)„ = D. Write / = ai/i + ... + a„/„ with at e I and fi £ -D[[-^]]. Then 
D = c{f)v C (ai, ...,an)v ^ It, so It = D, a contradiction. As -F is a flat £'-module 
and every proper ideal of E extends to a proper ideal of F, it follows that is a 
faithfully flat £'-module, cf. [T^l Exercise 16, page 45]. In particular, HE (IE = H 
for each ideal H of E. By Proposition 13.111 every ideal of F is extended from D 
and hence from E because D C E C F. Combining these two facts, it follows that 
the extension map / IF is a bijection from the set of ideals of E to the set of 
ideals of F. □ 
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